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1. INTRODUCTION 
For fan  arithmetic function whose range is a subset of the non-negative 
integers and x a natural number, we say x is f-plentiful if x -- f(n) is prime 
for all n such that x - - f (n)  > O. 
In this paper we determine necessary and sufficient conditions for a 
number to be f-plentiful and investigate the frequency of such numbers, 
for various functions f .  The investigation arose from a comment by 
Erd6s [1] whose remarks are equivalent to asking whether there exist 
any f-plentiful numbers greater than 105, wheref(n) = 2'L He has verified 
the non-existence of such numbers in the interval (105, 203775]. 
2. MAIN RESULTS 
THEOREM. Let f be an arithmetic function whose range is a subset of 
the non-negative integers. Let x be a natural number. Then x is f-plentiful 
i f  and only i f  
(1) for each pair of  natural numbers i and p, where p is a prime, such 
that x > f( i )  + p and p <~ ~r we have 
x ~ f( i)  (rood p); and 
(2) x - - f (k )  ~ 1 for all natural numbers k. 
PROOF. First we show that (1) and (2) imply that x is f-plentiful. 
Accordingly, suppose i is any given natural number, such that x - - f ( i )  > 0; 
and in view of (2) we have x - - f ( i )  >~ 2. We may assume that x - - f ( i )  is 
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composite since otherwise there is nothing to show. Thus we have 
x - - f ( i )  ~ PiP2, where P l ,  P2 are primes. Now one of them, say P l ,  
must be such that Pl ~< X/Y; furthermore it is clear that x - - f ( i )  ~ p l .  
But, in view of (1), we have x ~ f ( i )  (mod p~), a contradiction. 
Next we show that x is not f-plentiful if either (I) or (2) does not hold. 
So suppose first (1) does not hold. Then there exists a natural number  i
and a pr imep ~< V/x such that x =~f(i) (modp)  and x >f ( i )  6- p, that is, 
x - - f ( i )  ~ pt  ~ p, which clearly implies that x - - f ( i )  is > 0 and composite, 
thus showing that x is not f-plentiful. Last, the negation of (2) obviously 
implies that x is not f-plentiful, in view of the definition off-plentiful.  
COROLLARY 1. Suppose there exist natural numbers a, b,..., c and a 
prime p such that f (a)=~O, f (b ) -~ l  ..... f ( c )~p- -  1 (rood p). Let  
k = max{f(a) , f (b)  ..... f(c)}. Then there are no f-plentiful numbers greater 
than k 6- p. 
PROOF. Suppose x is f-plentiful, x > k 6- p. Then from condition (1) 
of  the theorem we have x ~f ( i )  (mod p) for i ---- a, b ..... c; that is, x ~ i 
(rood p) for i ----- 0, 1 ..... p - -  1, a contradiction. 
Using Corollary 1, it can easily be shown that there are only finitely 
many f-plentiful numbers for each of the following functions f :  
f(n) = r  
f (n)  ~- a*(n) ---- ~. d, 
din 
(d,n/d)=l 
f (n)  = n k, k ~ l, 
f (n) = n p 6- n, p an odd prime, 
f in) = ~(n),  k >~ o. 
For example, we see that 
and 
crk(1 ) = 1 k~ 1 (mod2)  
ak(3) = 1 k6 -3  k~0 (mod2) ,  
so, for x > 3 ~ + 3, x is not ak-plentiful. 
Let us now consider a special class of functionsf(n) = m n, m ~> 1. 
COROLLARY 2. Let f (n)  -= m ~, m ~ 1. Let  x be f-plentiful and p be a 
prime ~ ~/x. I f  m is a primitive root modulo p and i f  x ~ m ~-1 q- p, 
then P l x. 
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PROOF. We apply the theorem and obtain x ~ m i (rood p) for 
i=  1,2 ..... p - - l ;  that is, x~i  (modp)  for i=  1 ,2 , . ,p - - I ,  since 
m, m ~ ..... m ~-1 are all incongruent modulo p. Then it follows that x ~ 0 
(mod p), or p lx. 
For  example, if  x is an f-plenti ful  number where f(n)= 2 n, and 
x > 2 l~ q- 11 = 1035, then since 2 is  a primitive root  modulo 3, 5, and 11, 
the corol lary implies that 3 9 5 9 11 = 165 [ x. Thus, if  we search for an 
f-plenti ful  number greater than 1035, we may restrict our attention to x 
such that 165 I x. 
3. COMPUTATIONAL RESULTS 
After examining candidates for x on an IBM 7040 (time 6.5 minutes), 
the following table was compiled: 
m 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
No. off-plentiful numbers ~< 20000 
9 
23 
81 
63 
240 
159 
110 
280 
383 
265 
351 
385 
One might ask why, for example, there seem to be more f-plentiful  
numbers when m = 6 than, say, rn = 7. The reason is clear when we note 
that when m = 7, and x is f-plentiful,  then 5 must divide x i f  x > 2408. 
When m = 6, then we see that x can be congruent to 0, 2, 3, or 4 (mod 5) 
(x > 11), and still be f-plentiful.  
Other computat ional  programs (time 133 minutes) show that for each x 
such that 105 < x ~ 18734724677955 there exists an i such that x - -  2 i > 0 
and a pr imep~<103 such thatp[x - -2  i and x - -2  ~>p,  so we can 
conclude there are no f -plent i ful  numbers in this interval (if m = 2), 
confirming and extending the results of Erd~Ss. 
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In addition, this suggests that the probability of finding another 
f-plentiful number (m = 2) is extremely small, and we may suspect that 
a similar situation holds when m > 2. 
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